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Abstract. In this article, using DiPerna-Lions theory [1], we investigate linear second order 
stochastic partial differential equations with unbounded and degenerate non-smooth coefficients, 
and obtain several conditions for existence and uniqueness. Moreover, we also prove the L l - 
integrability and a general maximal principle for generalized solutions of SPDEs. As appli- 
cations, we study nonlinear filtering problem and also obtain the existence and uniqueness of 
generalized solutions for a degenerate nonlinear SPDE. 
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1. Introduction 

Consider the following second order linear stochastic partial differential equation (SPDE) in 

^ ! du, = (Jz? t u t + f t )dt + {^£\u t + g l ,)dB l t , uo(a>, x) = (p(a>, x), (1.1) 

where {B' t ,t > 0}/ £ m is a sequence of independent standard Brownian motions defined on a 
(Nj ■ filtered probability space (Q,, T, P; (T t )t>o), and the random partial differential operators ££ t (io) 
OO . and J^ l t {aj) are given by 
O ' 

Q\ | J£ t {oS)u := di{d t \u), x)djU) + dj(b' t (a>, x)u) + c t {co, x)u, (1.2) 



O 



where a' j = a jl is symmetric, and 

Jlf, , „u„ , lJ< 



^ t (to)u := o-' t (a),x)diU + h t (x,co)u. (1.3) 

Throughout this paper, we use the following convention: when the indices i, j, k, I appear twice 
in a product, it will be summed. Moreover, i, j, k runs from 1 to d and / runs from 1 to oo. For 
instance, 

d d oo d ^ 

d^dju) :=^i(^«), 30 :=_£a i * i , \<r%\ 2 := XlZ^'j ■ 

i,j=\ (=1 1=1 i=l 

Important notice: if we write |£-| 2 , without confusions, it always means that ]£| 2 as above. 
Below, we assume that the following parabolic condition holds: for all (t, co, x) e [0, T] x Q. x W l 

and £ 6 R d , 

<<,(£) := 2af(w,x)££ - |of (w, x)£| 2 > K(x)|£r\ (1.4) 

where k(x) > is a non-negative measurable function. If k{x) > k > 0, we say that the 
super-parabolic condition holds. 
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Let At be the progressive cr-field on [0, T] x Q.. Let f be the usual Hilbert space of all 
sequences of square summable real numbers. All the coefficients are always assumed to be 
AlxS(R J )-measurable. It is well known (cf. Q~U p. 131, Theorem 1]) that under super-parabolic 
condition, if a, b, divZ?, c, cr, h are bounded and At x S(R^)-measurable functions, and 

/ 6 L 2 ([0, T] x Q, Al; W~ l ' 2 (R d )), g e L 2 ([0, T] x Q, Al; L 2 (R d ; I 2 )), 

where W m - p (R d ), m eZ,p > 1 denotes the usual Sobolev space, then for any <p e L 2 (Q, To\ L 2 (R d )), 
there exists a unique generalized solution to SPDE (11.11) in the class 

X := L 2 (fi; C([0, T];L 2 (R d ))) n L 2 ([0, T] x ft, At; W U (R J )). 

On the other hand, in the case of k(x) = (i.e, degenerate case), if a, b, c, cr, h are bounded and 
have bounded continuous derivatives up to second order, and 

/ e L 2 ([0, T] x Q, At; W u (R d )), g e L 2 ([0, T] x Q, At; W 2 ' 2 (R rf ; Z 2 )), 

then for any (p e L 2 (£2, To', W l ' 2 (R d )), there exists a unique generalized solution to SPDE (11.11 ) 
in the same class X (cf. IfTTl p. 155, Theorem 1]). Moreover, in the case of super-parabolic, an 
analytic //-theory has been established by Krylov (3). But, still the boundedness assumptions 
on the coefficients are required. 

However, the assumptions of boundedness and non-degeneracy would become quite restric- 
tive in applications. For example, in nonlinear filtering, one often meets some unbounded and 
degenerate coefficients. On the other hand, in the degenerate case, for solving SPDE (11.11) , one 
usually needs to assume that the coefficients are at least twice continuously differentiable as 
said above. It is natural to ask whether we can remove or weaken these restrictive assumptions. 
An obvious difficulty is that when a is unbounded, it is not any more true that: 

W h2 {R d ) 9hh di(a ij dju) e W~ l2 (R d ). 

Moreover, in the degenerate case, it is not expected to have any a priori estimate for the first 
order derivative of u with respect to the spatial variable if the coefficients are not smooth. 

Recently, Le Bris and Lions [9 ] studied the existence and uniqueness of deterministic Fokker- 
Planck equations with degenerate and irregular coefficients. Therein, the consideration of de- 
generacy is motivated by the pathwise uniqueness of SDEs with irregular coefficients and some 
modelling equations in polymeric fluids. The main tool of their proofs is the DiPerna- Lions 
theory (cf. ([TJ) of renormalized solutions to linear transport equations. The aim of the present 
paper is to relax the assumptions on a, b, c by using the DiPerna-Lions theory (cf. IfTI). 

We mention that a general maximal principle for SPDEs has been obtained by Krylov flU 
under boundedness assumptions on coefficients. A historical remark about the maximal princi- 
ple of SPDEs is also referred to flU. Moreover, in Q, Krylov studied the unique solvability of 
SPDE (11.11) with unbounded b, c and bounded a, cr, h under super-parabolic assumption. Some 
other well known results about SPDEs with unbounded coefficients in weight spaces can be 
found in the references of Q . 

This paper is organized as follows: In Section 2, we state our main results about the well- 
posedness of SPDE (11.11) under different assumptions. In Section 3, under less conditions on the 
coefficients, we first prove the existence of generalized solutions. In Section 4, we prove a gen- 
eral maximum principle for the generalized solutions of SPDE (11.11) with g 1 = 0, which in partic- 
ular implies the uniqueness of generalized solutions. Here, a commutation lemma of DiPerna- 
Lions about the mollifiers plays a crucial role. In Section 5, we study the L 1 -integrability and 
weak continuity of generalized solutions constructed in Section 3. In Section 6, we apply our 
results to the linear filtering equations. In Section 7, we prove the existence and uniqueness 
of generalized solutions for a degenerate nonlinear SPDE. In the appendix, the commutation 
lemma of DiPerna and Lions is proved for the reader's convenience. 
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2. Statements of Main Results 



Let W m > p (R d ) be the usual real valued Sobolev space, W m > p (R d ; I 2 ) the / 2 -valued Sobolev 
spaces. Let W"*f(R d ) and WT ,p (R d ; I 2 ) be the corresponding local Sobolev space. We denote 
by C^(R d ) the set of all smooth functions over R d with compact supports. For a Banach space 
(B, || • ||b), by C w ([0, T]; B) we denote the space of all B-valued bounded measurable functions 
on [0, T] that are weakly continuous with respect to the weak topology of B. We remark that 
C H ,([0, T]; B) is still a Banach space under the uniform norm. 

Below, we first give the notion of generalized solutions for SPDE (|l.ll) . For this, we need to 
assume that 

{ a ij , didK b\ c 6 L\0, T; L 2 (Q; L 2 0C (R d ))), 



(BasicA). 



a i \ dicr", K 6 L 2 ([0, T] x D; L 2 loc (R d ; I 2 )), 



))■> 



feL\[0,T]xQ;Ll 

geL 2 ([0,T]xQ;Ll : (R d ;l 2 )). 

In what follows, these assumptions will be always made if there is no special declaration, and 
without confusions, we shall drop the arguments (t, to, x). For example, for a function u, we 
may write 

J J u := J J u s dxds := J J u s (a>, x)dxds. 
JoJ JoJ JoJr 1 ' 

Definition 2.1. Let u e L 2 (Q, <F ; L 2 oc (R d )). An Mx S(R d )-measurable process 

ueL°°(0,T;L 2 (£l;L 2 oc (R d ))) 

is called a generalized (or distribution) solution of SPDE ( ED if for all (p s C^°(R rf ), it holds 
that for (dt x P)-almost all (t, oj) e [0, T] x Q, 

J u,(pdx = J ' Uo4>dx + ^ ^ u s J£*(pdxds + J J f s <pdxds 

+ JJ u s Jt l *<pdxdW s + J J g l s cf>dxdW l s , 

where Jzf ? * and M\* are their respective adjoint operators and given by 
J£*{oS)<fi : = di(a' t J (co, x)dj(p) + b' t (to, x)di(f> + c t (a), x)cp 

and 



(2.1) 
(2.2) 

r t '*(co)(f> := x)cf>) + x)<f>. (2.3) 

Remark 2.2. It is easy to see that both sides of( \2.1\) are well defined under the above described 
basic assumptions. 

We now state our first result under non-degenerate assumption, which is a direct conclusion 
of Propositions ED WM E2 El and |53]below. 

Theorem 2.3. Let parabolic condition srf a ,a(£) ^ *1£| 2 be fulfilled with k e C 1 (R d ; (0, oo)), 
having continuous first order derivatives. Assume that the following conditions hold: 

( WJ\ \dja ij \ 



6 L°°([0, r]xQx R d ); 



1 + W 2 ' l + \x\ 



\b'\ 



, divb 6 L 2 (0, r; L°°(Q x R rf )); 



1+W 

c e L\0, T; L 2 (Q; L 2 JR d ))), c + e L l (0, T; L°°(Q x R d )); 
{ ct* ft, dfcft 6 L°°([0, r]xQx R d ; / 2 ), 



where c + = max(0, c). Then for any u e L 2 (Cl, To', L 2 (R d )) and 

f e L 2 ([0, T] x Q x R d ), g e L 2 ([0, 7/] x Q; W 1,2 (R rf ; Z 2 )), 
f/zere exists a unique generalized solution u e L 2 (Q; C w ([0, r];L 2 (R rf ))) to SPDE rti.il ) in the 

vr 



it 



/e|<9,-w| < +°°- 



Moreover, in addition to the above assumptions on the coefficients and uq, f, 
(I) if g l = 0,u e L l (Q, To, L\R d )) and f e L\[0, T]xQx R d ), then 

ueL\Cl;C w ([0,T];L\R d ))) 
and for some C > independent ofuo and f, 



e( sup f |w f |) < CE f |uol + CE f f 

\te[O.T] J j J JO J 



l/l; 



(II) iff>0,g' = and u > 0, then 



u t (a>, x) > 0, (dt x P x dx) - a. 5. 

In the degenerate case, we present three different results. The first one is a conseqeunce of 
Propositions 101577115311531 and 1531 

Theorem 2.4. Let a and cr be independent of x. Assume that the following conditions hold: for 
some q > 1 

f a ij 6 L\0, T; L°°(Q)); a* e L 2q (0, T; L°°(Q; I 2 )); 

w 



1 + W 



6 L^O, 7/; L 2 (Q x R d )) U L^O, 7/; L°°(n x R rf )); 



c\/V, c 6 L^O, T; L 2 (Q; L 2 oc (R rf ))); divZ?, c + e L ! (0, T; L°°(^ x R rf )); 

h, d k h 6 L 2<? (0, T; L°°{Q. x R d ; Z 2 )). 

Then for any « 6 L 2 (Q, To', L 2 (R d )) and 

f 6 L 2 ([0, T] x Q x R d ), g 6 L 2 ([0, T] x Q; W u (R d ; Z 2 )), 

f/zere exxsfs a unique generalized solution u e L 2 (Q; C vv ([0, T]; L 2 (R d ))) to SPDE f li.il) . More- 
over, the same conclusions (I) and (II) in Theorem \2.3\ still hold. 

The following result is an extension of Krylov and Rozovskii's result [7] (see IfTTl p. 155, 
Theorem 1]), which is a consequence of Propositions 1331 14.61 15 .21 15 .41 and 15.51 



Theorem 2.5. Assume that for some Co > and q > 1 



\d k a'- 



l + w 2 ' l + |xf l + w 

5*6, d k divb, c, d k c e L ! (0, T; L°°(Q x R d )); 

t cr'', d fc cr'\ ^5 ; o-'-, /?, d k djh e L 2q (0, T; L°°(Q x R d ; I 2 )). 

Then for any u e L 2 (Q, To, W l2 (R d )) and 

f 6 L 2 ([0, T] x Q; W 1,2 (R' i )), g 6 L 2 ([0, T] x Q; W 2 ' 2 (R d ; I 2 )), 

there exists a unique generalized solution u e L 2 (Q; C H ,([0, T]; W 1,2 (R d ))) to SPDE ( li.il) . More- 
over, the conclusions (I) and (II) in Theorem \2.3\ still hold. 

The following result is an easy consequence of Propositions 13 .6114.8115 .2115 .41 and 1531 
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Theorem 2.6. Let a'-> be given as follows 

a' t J (u), x) = &f(o), x)crf(to, x) 

such that for some a > 1/2 

\a il M>a-\a il M. 
Assume that the following conditions hold: for some q > 1 



, did*' e L z (0, T; L°°(Q x R^; / 2 )); 
, divZ?, c + G L^O, T; L°°(Q x R rf )); 



1 + \x\ 



l + \xl 

3 t J i ,cGL 1 (0 ) r;L 2 (fl;4(R i ))); 
k cr 1 ', <V\ A g L 2 ^(0, T; L°°(^ x R d ; I 2 )). 

Then for any uq g L 2 (Q, Tq\ L 2 (R d )) and 

f g L 2 ([0, r] x Q x R d ), g g L 2 ([0, T] x Q x R'; Z 2 ), 
?/zere existe a unique generalized solution u G L 2 (Q; C w ([0, T];L 2 (R d ))) to SPDE di.il) satisfying 

e(su P r i M . ? i 2 )+E(r r (io-^p+i^ki 2 )) 

\ie[0,r] J / \ Jo J / 

<c(eJ N 2 + E^J |/| 2 + E^J |s| 2 J, (2.4) 

where C is independent of Uo,f and g. Moreover, the conclusions (I) and (II) in Theorem 12.31 
still hold. 

3. Existence of Generalized Solutions 

In the sequel, we shall use the following conventions: The letter C denotes a constant whose 
value may change in different occasions, and £ t denotes an L'-integrable real function on [0, T] 
which may be different in different lines. 

We now state our first existence result. 

Proposition 3.1. Assume that (BasicA) and the following conditions hold: for some q > 1 

a'J G L\0, T; L°°(Q; L 2 hc (R d ))), (3.1) 
divZ?, c + g L\0, T; L°°(Q x R d )), (3.2) 
o-^diO-^h, d k h g L 2 «(0, T; L°°(Q x R d ; I 2 )). (3.3) 

Then for any Uq g L 2 (£l, To, L 2 (R d )) and 

f g L 2 ([0, r]xDx R d ), g g L 2 ([0, T] x Q; W l2 (R d ; I 2 )), 

there exists a generalized solution 

u G L 2 (Q; L°°(0, T; L 2 (R d ))) 

to SPDE di.il) . Moreover, ifn e C l (R d ; (0, oo)), r/zen above generalized solution also satisfies 



a 



K\dM 2 < +oo. (3.4) 



Remark 3.2. If k(x) > /Co > 0, above assumptions can be weakened. Since there is a 

complete theory in the super-parabolic case (cf. 1011 131). it is not pursued here. 
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For proving this proposition, we adopt the argument of mollifying the coefficients. Let p e 
C^(R d ) be a regularizing kernel function with 



I' 



supp(p) c B, p>0onB l , | p = 1, 

where B[ := {x eR d : \x\ < I}, hetx 6 C^°(R d ) be a non-negative cutoff function with^- = 1 on 
the unit ball and^ = outside the ball of radius 2. Set for e e (0, 1) 

p s (x) := s~ d p(e~ l x), Xs ■ = 

Define 

a'/ E := (a 1 / * p E )x% of, : = (erf * p e )^ £ , 5 ^ 
c,, s : = (c, * p £ ))x £ , h' t£ :=(h' t * p e )x e 
and 

f,e -=(f* Pe)Xe, g{ E -=(g l t* Ps)Xs, 

where the asterisk stands for the convolution in x. Moreover, we define 

^ e :=[(&< A (l/ e ))V(-l/ e )]*p £ . (3.6) 

Remark 3.3. Here, for a vector field b, we directly truncate b rather than multiplying a cutoff 
function on M. d so that \\divb t , E \\oo < HdivZ^Hoo. Otherwise, we need an extra assumption on b (see 
(U5t and dO) below). 

We need the following simple lemma. 

Lemma 3.4. (i) Let parabolic condition s# a ,J£) ^ ^|£| 2 hold. Set k e := k* p E . Then, 

<^M) > XsX%t V£ e R d , (3.7) 

where £^a E ,b E is defined by U.4\) . 

( ii) Assume that ( 13.21) and A3.3\) hold. Then, for some l t e L l (0, T), 

sup |||^ £ | + |c f + £ ||| L ~ (fixRrf) <€ t (3.8) 

£6(0,1) 



and 



sup IKJ + |d,< e | + \h t J + |V^ e |||2 < l t . (3.9) 



£6(0,1) 

(Hi) Let ££* E and Ml* E be defined in terms of a UE ,b UE ,c UE and cr tE ,h tE as in A2.2\) and ( 12.31) . 
Then for any <pe C™(R d ), 

lim f ||^; e 0-if;0|| i2(nxRrf) df = O (3.10) 
Jo 

and 

lim f ll^^-^/VII^ df = 0. (3.11) 
Jo 

Proof, (i). By virtue of J p E = 1, we have 

\alU 2 = \o J ^ i *p s \ 2 xl < (k?£| 2 *Ps)xl- (3-12) 

Hence, 

^.(0 = l^M i - <£, 2 

> (2a i /^ j -\crfa 2 )*Ps-X 2 E 

> MU 2 )*P £ )X 2 E = K £ X%\ 2 - 



(ii) . Estimate (13.81) is direct from definition (13.61 ) and (I3.2I ). Estimate (13.91) follows from 

\dx e (x)\ < Csl [1/St2/S] (\x\) (3.13) 

and (T331) . 

(iii) . Limits (13.101) and (13.1 II) follow from the property of convolution mollifying. □ 
Consider now the following approximation equation: 

du Ef = (Jf ttS u Stt + f Ue )dt + (^ t [ E u Ej + g[ E )dB l t , (3.14) 

subject to u £(i := (u *p E )x £ , where Jzf fe and J%\ B are defined respectively in terms of a t£ , b t£ , c t£ 
and cr f e , h tE as in (11.21) and (|1.3I) . Notice that all the coefficients of (13.141) are smooth in x, and 
their derivatives of all orders in x are uniformly bounded in (co, x) for fixed t. In fact, we may 
further assume that all the coefficients together with all of their derivatives in x are uniformly 
bounded in (t, co, x) if we also mollify the time variable and cut off it as done for x. We omit 
this tedious step for the sake of simplicity. Moreover, if we let W°°(R d ) = r\ km W k ' 2 (R d ), then 
f £ ,g' £ 6 L 2 ([0,T] x Q; W°°(R d )) and w e , 6 L 2 (Q, Tq, W°°). Thus, by 0U p.155, Theorem 1], 
there exists a unique smooth solution u £ e L 2 (Q; C([0, T]; W°°(R d ))) to equation (13. 14b . 

Below, for the simplicity, we sometimes drop the time variable t in a ltS , b t , £ , etc. By Ito's 
formula and the integration by parts formula, we have 

aful - (2/ u £ (j? £ u £ + f £ ) + j \^u e + g l e \^dt 

u s (^u e + g'J\dB l t 

+ If (2(T%U e (h l s U E + g' £ ) + (h l E u £ + g' £ ) 2 )j dt 
+ If (uldtcrl + 2u e (h l s u s + g l s ))\ dB\. (3.15) 

2 f uMb £ u £ ) = f u 2 E dib £ 



+2 



Observing that 



and 



2 f d iU£ cr il E {h l E u £ + g l E ) = - f u 2 s d i (o J X)-2 f uMcr il E g l E \ (3.16) 
by integrating both sides of (13.151) in time from to t, we get 

f "It = f <o" ff^ F ,Ws) + ffuld^-cr'X), 
+ ff(2u E (c E u E + f E - d^gi)) + (h l E u E + g l E ) 2 ) 

+ f[f i&rf + 2 ^(h l E u E + g'^dBl. (3.17) 
We are now in a position to give: 

Proof of Proposition \3. 1 [ By (13.171) and Lemma l3~4l we have 

f \U s f < f \u Efl \ 2 - fj xlKe\diU E \ 2 + ft s [\+ f K| 2 Jd^ 



+ 



jT (J + 2u s (h' e u e + gA dB[. 



First taking supremum in time and then expectations, by Burkholder's inequality, we get 

,2 



e(su P r i Me ,,.i 2 )+E r r 

\se[0,fl J / JoJ 

+ce (X 1/ ( m ^ /+2m ^ + ^) 



ds 



1/2 



Here and below, the constant C is independent of s. The last term denoted by J? can be con- 
trolled as follows: by (13.91) and Young's inequality 




< CEI I II |«„./||^ 



S J~ | Me ,.,| 2 + J \gif\ds 

CE(sup f \u £ f f U f \u s f + f \g l f)ds 

\se[Q,t] J Jo \ J J I 



1/2 



1. 



< -3 (sup f\u s A + C f £ s eI f\u e Ads + CE f fw\ 
s€[0,t] J J Jo \J / Jo J 



l\2 



Combining the above calculations, we obtain 



E sup I \u s J 2 + E I \ x 2 £ Ke\diU s J 

\se[0,t] J ) JoJ 

(J KJ 



<C + C I CM I l»,vNd,v 

< c + c 

By Gronwall's inequality, 



' f 4E[sup f \u £ Ads. 

Jo \re[0,i] J / 



e(su P [\u e A + E [ [xIkMusJ 2 <C. (3.18) 

\se[0,T] J / Jo J 

Consider now the Banach space Bi := L°°(0, T; L 2 (£l x W 1 ))) and the reflexive Banach space 
B 2 := L 2p (0,T; L 2 (Q. x W 1 )), where p = ^ e (l,oo). The sequence w e is then uniformly 
bounded in Bi c B2. So, there exists aweBi and a subsequence w gJ such that u Sk weakly * in 
Bi (weakly in B 2 ) converges to u. Let (p e C™(R d ) and € e L°°([0, T] x Q). Then by (I3J41) . we 
have 

E f f u s , t (pl t dxdt = E f f u sfl <p£ t dxdt + E f £ f f u s ^* E <pdxdsdt 
Jo J Jo J Jo JoJ 

+E f 4 f f /^dxdsd* 
Jo JoJ 

+E f £ ( f f u StS ^JtdxdW l s dt 
Jo JoJ 

+e f r r ^^dxdwjdt. 

Jo JoJ 



^0. 



We want to take limits s — > for both sides of the above equality. Let us first prove that 

E ^ i, f f u s , s J?* s <pdxdW l s dt ^ E f £ f f f u s J!C l s *<f>dxdW l s dt. (3.19) 
Jo JoJ Jo JoJ 

By (13.111) and (13.181) . it is easy to see that 

e r a r r - ^^^^j, 

Jo JoJ 

For « e B 2 , we define 

By Burkholder's inequality and Holder's inequality, we have 

2 

ds 



f \CRu)t\ 2 dt < r f E f u s ^C^dx 
Jo Jo J 



■T i n \P \ l /P 



< c t\ I IE I dsl =c,r|| M ||2 



2' 



which means that H : B 2 — » L 2 ([0, T] x fl) is a strongly continuous operator. So, 7? is also 
weakly continuous, and 

f r o r r 

E 4(KK e ),<fc— »E t,(Ru) t dt. 
Jo Jo 

Thus, (13.191 ) is proven. By Lemma I3~4l and passing to limits, as above, we finally obtain 

E f f u t (p£ t dxdt = E ^ ^ u^tAxdt + E f ff u^cpdxdsdt 
Jo J Jo J Jo JoJ 

+E f A f f /^dxdsd? 
Jo JoJ 

+e r a r r w^>dxdw^ 

Jo JoJ 

+E f A f f ^0dxd^d?. 
Jo JoJ 



Equality (O) then follows by the arbitrariness of t t e L°°([0, T] x Q). 

We now prove u e L 2 (Q;L°°(0, T;L 2 (R d ))). By Banach-Saks theorem (cf. 0), there exists 

another subsequence (still denoted by St) such that its Cesaro mean u En := k ~' n F ' k strongly 
converges to u in B>2. Thus, there exist a subsequence still denoted by e n and a null set A c 
[0, T] x Q such that for all (?, g A 

lim \\u £nzt (oj) - Utia^Wv^d) = 0. 

Let 5^ := 6 [0, T] : (?, <x>) e A c ) be the section of A c . By Fubini's theorem, for P-almost all 
a), S u has full Lebesgue measure. Thus, 

1 - 

sup Wutico)^^ < lim sup \\u £ii , t (a))\\ L 2 (Rd) < lim - V sup \\u ek>t (co 



L 2 (R rf )' 

/t=l 



which together with (13.181 ) yields 

E (ess. sup | \u t \A < +co. (3.20) 

Let & c C^°(]R J ;]R rf ) be a countable and dense subset of L 2 (R d ;R d ). Noting that for fixed 
e ^ and for (dt x P)-almost all (t, co) e [0, T] x Q, 

u t {a))di{^4>') = urn u EnJ (co)di(yfi<(p') 
J n ~ i0 ° J 

= lim - t I u Sk>t (aj)di(xs k V^0'), 

we have for (dt x /^-almost all (t, oj) e [0, T]xQ 

I I K|d/W/MI 2 | = sup— — f u t (co)di(y[K(f>') 
\J j II^IIl 2 J 

i - i r 

< lim - ) sup — — u Sktt (co)di(x 

n^oo « frf <f>eS> \\<p\\l 2 J 

= lim \ xl k Ks k \diU Ek j(u)t 

Thus, by (13.181) . we get (13.41) . The proof of Proposition ^ .H is complete. 

□ 

For proving the uniqueness, we need more regular solutions. Below, we give two such results 
in the degenerate case. The first one is an extension of Krylov and Rozovskii's result [7| (see 
also [11, p. 155, Theorem 1]). Therein, an Oleinik's lemma (see lfT2l p.44, Lemma 2.4.3] and 
IfTTl p. 161, Proposition 3]) plays a crucial role. 



1/2 



Proposition 3.5. Assume that the following conditions hold: for some q > 1 

,2 \#\ l^'l rlrn 



d k d k a lJ ^j < C \U\ t—-;, e L (0, T;L°°(Q x R")), (3.21) 

1 + \x\ 2 1 + |jc| 

d k b, d k divb, c, d k c e L\0, T; L°°(Q x R d )), (3.22) 

1 + |jc| 

cr ! ', d k o-'\ dkdjo 1 -, h, d k h, d k djh e L 2q (0, T; L°°(Q x R d ; I 2 )). (3.23) 
Then the generalized solution constructed in Proposition \3. l\ also satisfies 

E (ess. sup I \diU t \ 2 ) < +oo. (3.24) 

\ <etO,T] J / 

Proof. By differentiating SPDE (13.141 ) in the kth spatial coordinate x k , we obtain 

dd k u E = [3? 8 d k u 8 + [d k , JSfJ(« e ) + d k f £ )dt 

+(^<d k u E + [d k , Jt l Xu e ) + d k g l E )dB' t , (3.25) 

where 

[d k ,Jfs\(u) = d^M) ~ ^s(d k u) = diid^jdju) + di(d k b E u) + (d k c E )u 

and 

[d k , -<!](«) = d k (Jt l £ (u)) - Jf l £ (d k u) = d k cr d diU + (d k h')u. 
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Similar to (13.171) , we have 

J \d k u £ / = J \d k u Efl \ 2 ~JJ (2a'Jdjd k u E djd k u E - \o- £ did k u £ \ 2 ) (3.26) 

+ f f (\dku e \ 2 (di& s - cr'X) + 2c £ ) + 2d k u e d k f E ) 

+2 Jjd k u £ ([d k , JgfJ(« e ) - di(aZ([dk, ^ l Xu E ) + d k g' £ ))) 

+ fj(h l e d k u e + [d k , Jt%u s ) + d k g' £ ) 2 

+ lo{l ( {dkUE)2diCT " + 2d ^ 9 ^ + dkg l s))j dB 'r 

We only need to treat the trouble terms 

j ' d k u E di(d k a'JdjU £ ) and J d k u £ di{o- ll £ d k cr ] E djU E ). 
The first one can be dealt with as follows: 

= J diU E d k d k a l JdjU E + J d i u E d k ci E 1 d k d ju E . (3.27) 
Thus, by the symmetry of a £ and (13.211) . we have 

J ' d k u £ di(d k a l ldjU £ ) = ^ J djU £ d k d k a l JdjU £ < 

ts J l<W, (3.28) 

where we have used that d k d k di £ ^j < 4I£I 2 by (|3.21l) . 
For the second one, noticing that 

di(o- £ d k o- J e l djU £ ) = diO- £ d k o- J £ djU £ + o- £ did k o- J £ djU £ + o- £ d k o- J £ l didjU £ 

and 

<j ll £ d k cr 3 £ didjU £ = -d k {a ,l £ a } £ )did ju £ , 
as in (|3.27l) and by (|3.23l) . we have 

J d k u £ di{cr n £ d k (T il £ djU £ ) < e s J \diU £ \ 2 + dkuMaia^W ju e 

< £ s j \d,u e \ 2 . (3.29) 
By (I3T261) . (13381 . (13^291) . (1X221) and (IX23T) . we find that 

J \d k u 8 /< j \d k u £fl \ 2 + C + j^ e s j \d,u £ \ 2 

Using the same method as proving (13.181) . we may prove the following uniform estimate: 



E(sup f \diU £ A 

\te[0,T] J ) 
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which then produces (I3.24I ). □ 

In Proposition 13 .51 certain conditions on second order derivatives of a and b are required. 
Below, we follow the idea of LeBris and Lions [|9]| to consider a special degenerate case so 
that we can weaken the assumptions on a and b (see (13.301) below). But, we need a stronger 
assumption than the parabolic condition (see (13.311) below). 

Proposition 3.6. Let a' j be given as follows 

a'/ (a>, x) = d-f(aj, x)frf(u), x) (3.30) 

such that for some a > 1 /2 

|<5f£| 2 > orK'61 2 , V£eR d . (3.31) 
Assume also that the following conditions hold: for some q > 1 

&\ e L 2 (0, T; L°°(ft; L\ o C (W; I 2 ))), (3.32) 
divb, c e L\0, T; L°°(Q x R d )), (3.33) 
cr^dicr^h e L 2 <?(0, T; L°°(^ x W 1 ; I 2 )). (3.34) 

Then for any uq e L 2 (Q, To', L 2 (R d )) and 

f e L 2 ([0, T] x D x R d ), g e L 2 ([0, T] x Q x R d ; I 2 ), 
there exists a generalized solution u ofSPDE f li.il) such that 

E (ess. sup [\uA + eI[ f(\a- il diu\ 2 + \a il d i u\ 2 )) 

\ se[Q,T] J J \ Jo J / 

<c(eJ N 2 + E^J |/| 2 + E^J |#| 2 J, (3.35) 
where C is independent ofuo, f and g. 

Proof Let a'J and erf be defined by (f33]). Let 6* := (<x' 7 * p e )x e . As (I3TT21) and dO), we have 
for all £eR d 

a%tj > \&%\ 2 , a%{j > a\cr%\ 2 , 

which implies that 

2a - 1 2a - 1 

< i( ^) = 2«^ - Icr^l 2 > T - -(fl^ + lojftft > —— { \a-%\ 2 + K'ftl 2 ). (3-36) 

In (13.171) . using the left hand side of (13.161) . by (13.361) . (13.331) . (13.341) and Young's inequality, we 
have 

£ (J (Kl 2 d,<' + 2u e (h' s u s + gli^dBl. (3.37) 



+ 



+ 

Thus, as in proving (|3.18l) . we can prove that 

Vl'^l 2 + \o-%u e \ 2 ) 



sup r i M£ ,,i 2 )+e( r r - 

se[Q,T] J ) \ Jo J 

<c|e J K| 2 + E^jV| 2 + E^J\| 
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where C is independent of s,u ,f,g. The existence of generalized solution now follows by 
using weakly convergence method as in the proof of Proposition 13.11 Estimate (13.351) now 
follows as in proving (T3.20I) and (13.41) . □ 

Remark 3.7. Ifo^.dto* e L 2 '(0, T; L°°(Q x R d ; I 2 )) are replaced by 

a\ did' 6 L 2 %Q, T; L 2 (Q; L 2 0c (R d ; I 2 ))), 

then we still have the existence of generalized solutions. In fact, we just need to take expecta- 
tions for (\3.37\) . Thus, we only have 



sup E f |w ; | 2 + e( f f {\& n diu\ 2 + \o- il diu\ 2 ) 
te[0,T] J \Jo J 

<c|e J K| 2 + E^J \f\ 2 + E ^J 



\g\' 

4. Maximal Principle and Uniqueness for SPDE 

In this section, we prove a maximal principle for SPDEs, which automatically produces the 
uniqueness of generalized solutions. 
Consider the following SPDE: 

du = {J£u + f)dt + JZ'udB\, u = (p. (4.1) 

Let u e L°°(0, T; L 2 (Q x R d )) be a generalized solution of (147Tb in the sense of Definition [27TJ 
We first make convolutions for (14.11) with p £ and obtain 

d(p E *u) = [p E * (JCu + f)]dt +[p £ * (Jtt l u)]dB l t . 

Set 

u £ :=p E *u, f £ :=p E *f- 
Let B e C 2 (R) be a convex function with 

B'(r), rB\r) -B(r),B"(r), r 2 B"(r) are bounded. (4.2) 

By Ito's formula, we have 

dB(u £ ) = B'(u £ )(p £ * {££u) + f E )dt + B'(u s )(p s * {JZ l u))dB\ 

+jB"(u s )\p s * {J( l u)\ 2 dt. 

Multiplying both sides by a non-negative smooth function (p € C^(R d ) and integrating over R d , 
we get 



d j B(u £ )<p = U f3Xu e )<p(p e *(&u) + f e )\dt 



-±(J>(* 



+ ~ 8"(uMp E *(^ l uT \dt 



+ IJ B'(u £ )4>p £ *(^'u)jdB' t 

J b'(u £ )4>(^u £ + [p £ , <em + / e )j dt 

\ (J B'XuM^'us + \Ps, Jt\u)\ 2 ^dt 

- |J B'{u e )${Jt l u s + [p £ , ^'](w))j dB<, (4.3) 



where we have used the following notation: for a differential operator '2), 

\p B , Mu) -=Ps* (@u) - 2){p £ * u). 

Remark 4.1. The following two commutation relations can be verified immediately and will be 
used below: for real functions a, b, u, 

d[p E , a](u) = [p e , da](u) + [p E , ad](u), (4.4) 
[p E , ab](u) = a[p E , bd](u) + [p £ , a](bdu). (4.5) 



Integrating both sides of (14.31) in time from to t and using the integration by parts formula, 
as in (|3.17l) we further have 



where 



m 
m 

m 



f fi(u UE )(f> = f A"o >£ )0 + J] 
j j i=i 

:= JJ PiuJidjidrta^-drfV + ctl 

:= Jj (u e (3'{u e ) -piuM&iV + c<pl 

:= JJ PXu^diuAp^JZ'm, 

■■= J J /3"(u E )(f>cr i 'diU E h l u E , 

:= \ JJp"(u E )^(h l u E + [p E , JZ l ](u))\ 

:= JT |J p(uM^ l u E + |p w ^ , ](u))jdfl , r 



(4.6) 



We want to take limits s J, 0. For this aim, we need the following key commutation lemma of 
DiPerna-Lions Q]|. For me reader's convenience, a detailed proof is provided in the appendix. 



Lemma 4.2. For j = 1, 2, 3, let pj e [1, oo] and qj > j-^. We are given 

u e L p> (0, T; LP\Q.- LfUR d ))), c e L qi (0, T; L*(£l; L?(R d ))) 



and for i = 1 , • • • , d, 



b l e L«'(0, T; L« 2 (ft; w!f r 3 (R d ))). 



Let rj e [1, oo) be given by j- = j- + j-, j = 1, 2, 3. Then, 



[p E , b%m ^ in L*(0, T; U 2 (Q; L?(R d ))) 



Moreover, if 



\p s , c]{u) ^ in Z/'(0, T; Z/ 2 (D, L£ c (R rf ))). 
u 6 Z/ 1 (0, r; L p \Q; <f (R rf ))), fc' 6 L ?1 (0, T; Z^(Q; Lf(R d ))), 



(4.7) 
(4.8) 
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then i\4.7\) still holds. 

We first treat the terms J E , J E , J E A . 
Lemma 4.3. Let u e L 2 ([0, T] x Q; W^(R d )) n L°°(0, T; L 2 (Q; L 2 oc (R d ))) and assume that 

a ij e L°°([0, r] x Q; L~ (R rf )) U L 2 (0, T; L°°(Q; w£ c °°(R rf ))) (4.9) 

and 

V 6 L 2 (0, r; L 2 (Q; L 2 oc (R d ))), divZ?, c 6 L 1 (0, T; L 2 (Q; L 2 oc (R d ))) (4.10) 

or 

V e L\0, T; L 2 (D; W%(R d ))), c e L ! (0, T; L 2 (ft; L 2 0f (R rf ))) (4.1 1) 



/jo/J. Then, we have 



£->0 

an J m L l (Q) 



limE|/|(0l = (4.12) 



J £ 3 (t) JJfiiuXdjidi^-di^ + c^l (4.13) 

■TO f=5 JfiupW-piuMfdtbi + cf], (4.14) 
where for ( 14.731) . we also need the assumption dja li e L l (0, T; L 2 (Q; L 2 oc (R d ))). 



Proof. By (1441) . we have 

[p e ,3f](u) = di[p £ ,a ij dj](u) + \p e ,dib%u) + \p e ,Wdi](u) + [p E ,c](u). 
Thus, we may write 

J £ 2 (t) = - j^j/3"(u E )d i u E( f>[p £ ,a ij d j ](u) 

- JJp'(u s )d^\p e , a ij dj](u) + £f p(u e )<f>[p e , d,#](u) 

+ J t j/3'(u £ )(f>[p £ ,b i d i ](u) + J'J/3'(u £ )(P[p £ ,c](u) 

=: J E 2l (t) + J E 22 (t) + J E 23 (t) + J E 24 (t) + J E 25 (t). (4.15) 
Let Q := supp(0). By Holder's inequality, we have 

EI^COKC^jT^iaiM/j (e £jj\p s ,a%](u)\ 2) j , (4.16) 

which converges to zero as e — » by (14.91 ) and (14.71) or the second conclusion of Lemma I4T21 
Similarly, 

e— i0 

E|/f 2 (f)| — » 0. 

Moreover, by Lemma [4721 (I4T21) and (14.101) or (14.111) . we also have 

e— *0 

E|7f 3 (0l + E|7^(0I + E|/| 5 (?)| — > 0. (4.17) 

Limit (14.121 ) now follows. Limits (14.131) and (14.141 ) are easy by (14.21 ) and the dominated conver- 
gence theorem. □ 



Next, we look at the term J E . 
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Lemma 4.4. Let u e L 2 ([0, T] x Q; Wjf c (R d )) n L°°(0, 7/; L 2 (ft; L 2 of (R rf ))) and assume that 

cr l e L°°([0, T] x Q; L~ (R d ; I 2 ))), h e L 2 (0, T; L°°(Q; L~ (R rf ; Z 2 ))) (4.18) 
hold. Then, we have 

limE|/f(OI =0. (4.19) 

£->0 

Proof. In view of 

[p £ ,^'](u) = [p E ,o- n di](u) + [p E ,h l ](u), 
by (14771) . (14781) and (14.181) . one sees that 

[p s , M\u) — > in L 2 (0, 77; L 2 (Q; L 2 oc (R J ))). (4.20) 
Limit (147191) now follows by (147181) and w 6 L 2 ([0, 77] x Q; W}f c (R d )). □ 
Remark 4.5. 7n Lemmas \4.3\ and W^4\ if we assume 

d iU EL™{0J-L 2 {a-L 2 loc {R d ))), 
then the conditions on a and o~ in A4. 91 ) and A4.18\) can be replaced by 

a iJ e L l (0, T; L°°(ft; L~ . (R rf ))), cr 1 ' 6 L 2 (0, T; L 00 ^; L^(R J ; /')))• 
We first prove: 

Proposition 4.6. Assume that A4.9k i\4.10\) . ( 14. iff D and the following conditions hold: 

c + e L l (0,T;L°°(QxR d )), (4.21) 
«V\ d k h 6 L 2 (0, T; L°°(Q; L 2 JR d ; I 2 ))). (4.22) 

Let u 6 L°°(0, T; L 2 (Q x R rf )) be a generalized solution of A4.1\) satisfying 

diU 6 L 2 ([0, T] x Q; L 2 oc (R d ))- (4.23) 

(I) lff>0 and uo > an J one of the following conditions holds 

\a^\ \dja'j\ W 



l + \x\ 2 ' 1 + W 1 + W 



6 L 1 (0,T;L 2 (Qx]R rf )), (4.24) 



11 ' 11 6 L (0, T; L (O X R )), (4.25) 



l + M 2 ' l+|x|' l + |x| 
then for (dtxPx dx)-almost all (t, co, x) e [0, T] x Q x R d 

w,(a>, x) > 0. 

(II) Ifu e L ! (^, r ; L 1 ^)), / 6 L\[0, r]xQx R d ) and ifcM together with the following 
condition holds: 



l + W 

then 



e L\0, T; L°°(^; L (R ))), o>'\ ft e L'(0, T; L°°(^ x R*; Z 2 )), (4.26) 



E(ess. sup f k|)<CE f kl + CE f f |/|, (4.27) 

\ te[(),T] J J J Jo J 

where the constant C only depends on ||d ; -<T I '|| £ 2 (0jr . L » (nxR1 /. / 2 ) > 1 1^1 li 2 (o,r ; i~(Qx]R rf ;/ 2 )) an d 

\\ c+ \\L l (QJ;U°(QyM. d ))- 
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Proof. Using the integration by parts formula and by (14.181 ), (14.221 ) and the dominated conver- 
gence theorem, we have 

W) = Jj0S(" e ) - u s B'(u E ))d i (cf>o J1 h 1 ) 

S ~* §fw( u )~ u P'( u ^ di ($ crilhl ) inLl (^), (4.28) 

and by (14301) . 

Jj(t)^ J J B"(u)(p(tiu) 2 mL l (Q). (4.29) 

Moreover, we also have 

Ji{t) = Hf (p(uMa*<fi) + j3'(u E )(f>(h l u E + [p E , dB l s 

foil {^ 3i ^ a ^ + ^^ hlu )) dB ^ mL2 ( Q X 

where the above stochastic integral is a continuous L 2 -martingale. 

Now taking limits s —* for (14.61) and summarizing the above limits, we arrive at 



j 8(u t )<f> < j /3(uo)<f> + JJ(uB'(u) - pmWW ~ dti^'h') + c<f>) 
^j/3(u)(dj(d i( f>a ij ) - ditftf + c<f>) 
JJfiXuW + X - JJf?'(u)<f>(h l uf 

JJ^J (p(u)di{o- i! (p) + J3'(u)(f>h l u)j dB' s . (4.30) 



+ 



+ 



(I). Let B{r) = B s (r) = r in (14.301) . By simple calculations, we have 

limB d (r) = -(0 A r) := r~, B' s {r) < 0, 

510 



and 

Taking expectations for (l4~30l) and letting 5 0, by (I4TT8T) . (l4~2Ti (I4~22l) and / ^ 0, w ^ 0, 
we get 



\rB' 6 {r)-B s {r)\<^-, \r 2 %(r)\< 



E J ujcf) <E J J (dj(d i( f>a ij ) - d^b^u' + J £ S B J <pu s , 
which yields by Gronwall's inequality, 

eJu;cP<CeJJ (djidrfa^-drfb^u-. (4.31) 

Case (14.241) : Let^„(x) = x( x / n ) be a cutoff function with the same^f as in Section 3. We 
choose in (14.311) 

(p(x) = Xn{x). 

Noting that 

\diXn(x)\ < < 

n 1 + |x| 
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and 

we have 



; f UjXn < ce [ [ I- 

J JoJ\x\>n \ 1 



Ml l<V y l |Z>| , 

+ . — . + - — — u. 



+ \x\ 2 l + \x\ 1 + \x\ 



Jo I J W ^U + W 2 i + W i 



+ \x\ 

Letting n — » oo and by Fatou's lemma and (14.241) . we obtain 

E J u; = 0. 

Case (14.251) : Let A(x) := (1 + \x\ 2 )~ d be a weight function and choose in (14.311) 

(f)(x) = <p n (x) = A(x)Xn(x). 

Noting that 

1 + \x\ 1 + \x\ 
Cl\ x \ >n C(f> n (x) 

\ u t <p n < CI E - — — - + - — — + - — — i 

J Jo J WS! ai + w 2 i + w i + 

+C IE - + — + \u,(h n 

Jo J \i + w 2 i + w i + w; ^" 

I ^e ( + ( 4E I 

Jo J|a-i>h Jo J 



and 



we have 



< C . 

By Gronwall's inequality and letting n — » oo, we get 



, r ^ < c Km r ^e r 

J Jo Jw 



u~A = 0. 

(II). Let fis(r) = Vr 2 + 6 in (14.301) . By elementary calculations, we know 

lim^(r) = \r\, %{r)\ < 1, 

r5J,0 

and 

I^W-ftWK Vtf, |r 2 /^'(r)l< Vtf. 
Letting 5 — » 0, as above we find that 



+ 

where we have used that 



in L 2 (Q) as 5 -> 0. 
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(4.32) 



J | Mf |0 < J \uoW + JJ\u\(dj(d i( pa ij ) - dtfV + c(f>) 

XX 01/1 + X (X lu ^ di{oJl(f)) + ^')) dB '' < 4 - 33 ) 



Set 



<D f := ess. sup J \u s \(f>. 

se[0,f] J 



Now taking the essential supremum for both sides of (14.331) in time t and by Burkholder's 
inequality, we have 

EO r < E J \uo\</> + bJJ \u\(\dj(di(f>a ij ) - drfb 1 ] + c + <f>) 

+E^J^|/| + Ce|^ j \u\(]d i {(J il n + <l>\h l \) 
The last term denoted by J? is controlled as follows: by (14.181) . (|4.22l) and Young's inequality, 



2 vl/2 

ds\ 



J < CI 



< CI 



2 vl/2 

ds\ +E 

2 vl/2 1 



2 xl/2 



ds| +-EO f + | 4EO,ds. 



Thus, we get 



EO f < E j \u Q \<p + E j Q j \u\(\dj(di<pa ij )\ + |<9,#i) + J £ S E® S 



\f\<f> + -m t + a 



ri/ w 



which yields by Gronwall's inequality, 

EO r < CE J~ |w o |0 + CE^J~ \u\Qdj(di<f>a ij )\ + \di<f>b 



2 \V2 

ds 



I) 



+CE^J If^ + CEU J \u\ 



cr il d i( p\ 



2 vl/2 

ds 



(4.34) 



Choosing <p = x n and letting n — > oo, as (14.321) , we get by ( 14.241) , (14.261 ) and the dominated 
convergence theorem, 



fifess. sup f k,|)<CE f |koI + CE f f 

\ se[0,T] J / J JO J 



l/l- 



If we check the above proof, we find that the constant C only depends on the following three 
quantities: 

l|d;Cr' \\lP-(Q,T;L co (pxW l ;P-))i H^llL 2 (0,r;i oo (nxlR'';/ 2 ))5 ll c+ llL l (0,T;L oo (f2xR''))- 

The proof is complete. □ 

In the case of a and cr independent of x, we have the following simple result. 
Proposition 4.7. Let a, cr be independent of x. Assume that the following conditions hold: 

a ij e L [ (0, T; L°°(0)), cr 1 e L 2 (0, T; L°°(£}; I 2 )), 
bf eL\0,T',L 2 (Cl;W^(R d )y), 
c 6 L\0, T; L 2 (Q; L 2 JR d ))), c + e L\0, T; L~(Q x R d )), 
h, d k h 6 L 2 (0, T; L~(Q; L™ c (R d ; I 2 ))). 

Let u 6 L°°(0, T; L 2 (£l x R d )) be a generalized solution o/(E])- 
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(I) Iff > 0, Mo > and the following condition holds 
\b l \ 

—— e L\0, T; L 2 (Q x R d )) U L l (0, T; L°°(Q. x R d )), 
1 + |*| 

then for (dtxPx dx)-almost all (t, a>, x) e [0, T] x Q. x R d 

u t (co, x) > 0. 

(H) 7/m 6 L^Q.Ttt L\R d )), f e L ! ([0, 7/] x Q x R d ) and the following condition holds 

1^1 -^i^T.r2 



i + W 



6 L 1 (0,r;L / (QxR a )), 



sfess. sup f |m ; |)<CE f KI + CE f f 

\ te[0,T] J I J JO J 



T 

' I/I- 



Proof. Noticing that in this case 

[p E ,^m = \p B ,d,vm + {peJdim + \p*,cm 

and 

[p £ ,^£ l ](u) = [p £ ,h'](u). 
we can repeat the proof given in Proposition |4.6| to conclude the result. We omit the details. □ 

Proposition 4.8. Let a lj be given as follows 

a'/(co, x) = d- d (co, x)af(io, x) 

such that for some a > 1/2 

\d*&\ 2 > a\a a ^. (4.35) 
Assume that the following conditions hold: 

fr\ di&K o~' , djO~' e L 2 (0, T; L°°(Q; L~ .(R d ; I 2 ))), (4.36) 

V 6 L\0, T; L\£l; W] o 2 c (R d ))), (4.37) 

c 6 L\0, T; L 2 (Q; L 2 oc (R d ))), c + e L l (0, T; L°°(Q. x R d )), (4.38) 

h e L 2 (0, 7/; L°°(Q; L? oc (R d ; I 2 ))). (4.39) 

Le? w 6 L°°(0, T; L 2 (£2 x R d )) be a generalized solution o/ rti.i)) satisfying 

fr' djU, o-' dtu 6 L 2 ([0, r] x Q; Lf 0C (R d ; / 2 )). (4.40) 
TTzen, same conclusions (I) and (II) of Proposition W^6\ hold. 
Proof. Following the proof of Proposition 14.61 by (14.351) , as (13.361 ) we have 

j [3{u t , £ )<p < j j8( Mo>£ )0 - p'{u £ )<P(\a U diU £ \ 2 + \cr"diU £ \ 2 ) 

+ JJpfr'Ws + g l-Wl, (4-41) 

where Jf(t) are the same as in (14.61) . Checking the proof of Lemma l4.3l we need to give different 
treatments for Jt and J^ 2 in (14.151) . By (14.41) . (14.51) and Young's inequality, we have for any 
6>0, 



JUt) = 
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£j {3"(u £ )(f>fr i, d i u £ [p £ ,fr jl dj](u) 



+c, 



- f f P'iUsWiU&s, & n ](& j 'djU) 

JJ/3"(u E ) ( f>\[ps^ jl d j ](u)\ 2 

JJ/?(u s )(f>\p s , di& a ](& jl dju) 

+ P'(u E )cp[p E , ^diK&tdjU). (4.42) 

By (14.401) . (14.361) and Lemma [4721 except for the first term, the other terms tend to zero in L l (£l) 
as s — » 0. As for 7| 2 in (14.151) . we can treat it in the same way as above, and have 



+ 



+ 



limE|/f 2 (f)| = 0. 

e— >0 



For 7j and J^, by Young's inequality, we have for any 6 > 0, 

J £ 5 (t) + J E 6 (t) < 6 JJ {3"(u £ )<f>\cr il d i u £ \ 2 + Q jj f3"(u £ )(f>\h l u £ \ 2 



+C S j*fp"(u e )<f>\lPe, JZ l m\ 2 - (4.43) 

By (14.361) . (14.391 ) and Lemma|43l the last term goes to zero as e -> 0. Substituting (14.421) and 
(14.431) into (14.411) . taking 6 small enough and letting e — > 0, we obtain 

j/3(u t )<P < JftuoW + j^fiupW-pWMdib' + cip) 

+ JJ/3\u)(f>f + C s j^j/3"(u) ( p(h , u) 2 

Thus, we can repeat the proof of Proposition l4.6[ The details are omitted. □ 

5. L 1 -Integrability and Weak Continuity of Generalized Solutions 

Although we have already proved the L 1 -integrability of generalized solutions in the previous 
section under (14.241 ) and (14.261 ), we still hope to get the L 1 -integrability under (14.251) . We now 
return to the construction of generalized solutions and use estimate (14.271) to prove the L 1 - 
integrability of the constructed solutions in Section 3. Moreover, we shall also study the weak 
continuity of generalized solutions in L 2 (fil d ) and L [ (R d ). 

As in Section 3, we start from approximation equation (|3.14l) . Instead of there, we use the 
following approximation for b as used in (13.51) : 

b 't,s '■= ( b 't*Pe)Xe. 
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Lemma 5.1. Assume that 



Then for some t t e L l (0, T), 



\b\ 



l + \x 



80 e L\0,T;L°°(axR d )). 



sup \\dib' t£ \\ L ° 

££(0,1) 



(5.1) 



Proof. Note that 
It is clear that 
Observing (13.131) and 



dib\ E = di(b\ * p e )x e + (b' t * p e )diX. 
\\d& t *Pe)Xe\\L < c\mw L 

supp(p £ ) cjxel' 1 : |*| < s}, 
we have for s e (0, 1) 

\{b' t *p E ){x)d iX£ {x)\ < Cel [l/e,2/ £ ] (|x|) J \b t (y)\p s (x-y)dy 

J 

Jl/e-l< 

< Csup- — — 

i + \y\ Ji, 

< Csup 

Hence, 

\bt\ 

\\(b' t * p e )diXe\\L~(a>**\ < C — — 

L°°(nxR'') 



< Ce I \b t (y)\Ps(x-y)dy 

/e-l<tyl<2/e+l 



v * t- |/| ^l/e-l<|y|<2/e+l 



^(1 + W)p e (x - y)dy 



i + M' 



l + 



||(fcj * Pe)diXe\\L-(SlxR") < C 

The desired estimate follows. 
We have: 

Proposition 5.2. Keep the same assumptions as in Proposition \3. 1 1 and assume 

\b\ 

6 L l (0, T; L°°(Q. x R d )). 



□ 



1+UI 



Ifg> = 0, u 6 L^n^jL^R^)) an J / e ^([0, 1]xQx R rf ), ?fen the generalized solution in 
Proposition \3.1\ satisfies 

- T r 

\fl (5.2) 



bLss. sup r im,i)<ce r ki+ce r r i 

\ fe[0,r] J / J Jo J 



Proof. Consider approximation equation (I3.14I ). Since all the coefficients have supports con- 
tained in the ball of radius 1/e, all of the conditions in Proposition 14.61 are satisfied. Thus, by 
(14.271 ), we have the following uniform estimate: 

E(ess. sup f |« fi j)<CE f |w | + CE f f |/|, (5.3) 

\ se[0,T] J j J Jo J 

where C is independent of e. Now, following the proof of Proposition [3TH let @ c C^°(R d ) be a 
countable and dense subset of L 2 (R d ). Then 

/ If \ 2 

sup||M,(w)|| L i = sup || ^\u t (oj)\\\ 2 L2 = sup sup—— I yJ\u,(oj)\(f> 

teS^ teS^ teS^ \<pe@ WWl 1 J ) 
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sup [ sup — i — lira f ^\u EnJ (co)\(p 

teS^Ue® \\<P\\l 2 J 



«S lim sup sup — — f VK„r<AOl0 



n— >oo 



1 " 

lim sup \\u £n j(u)\\o < lim - ^ sup ||w £ ,, f MI| L i 



which implies (1531) by (1531) . □ 

Next, we study the weak continuity of generalized solutions. We need the following technical 
lemma. 

Lemma 5.3. Let v e C w ([0, T]; L 2 (R d )) (resp. v e C([0, T];L 2 (R d ))). If for some R N -> oo, 

lim ess. sup I |v f | = 0, (5.4) 

v 6 C w ([0, 7]; L\R d )) (resp. v e C([0, T]; L\R d ))). 



Proof. We first prove that 

ess. sup I \v t \ = sup I |v f |. (5.5) 

te[Q,T] J\x\>R N t£[0,T] J\x\>R N 

Let S c [0, T] with full measure such that 

sup I \v,\ = ess. sup J |v f |. 

feS J|x|>Rjv te[0,T] J\x\>R N 

For t i S, let 6 N} c S converge to t. Since v tk weakly converges to v, in L 2 (R d ), 
by Banach-Saks theorem (cf. [0), there exists a subsequence still denoted by 4 such that its 
Cesaro mean v tn := - £" =1 v fjt strongly converges to v t in L 2 (R d ). Thus, by Fatou's lemma, 



|v,| < lim I |vj < sup I 

JW>«w J\x\>R N teS J\x\i 



|V,|, 

which then leads to (15.5b ■ 

Let v 6 C w ([0, r]; L 2 (R rf )) and e L°°(]R rf ). For *„ t, we write 

I (v ( „ - v t )(p = I (v ( „ - v t )(p + I (v ( „ - v t )<f>. 

J J\x\<R N J\x\>R N 

By (15.41) and (15.51) . the second term can be arbitrarily small uniformly in n for N large enough. 
For fixed N, the first term goes to zero as n — » oo. The desired continuity then follows. If 
v 6 C([0, T]; L 2 (R d )) and f„ t, then 

I K - V t | = I |V,„ - V/| + I K - v,|. 

J J\x\<R N J\x\>R n 

As above, we have v e C([0, 71; L l (R d )). □ 

Using this lemma, we can prove the following result about the weak continuity of generalized 
solutions. Our proof is adapted from [11, p. 206, Theorem 3]. 

Proposition 5.4. Let u e L 2 (Q; L°°(0, T; L 2 (R d ))) be a generalized solution ofSPDE ftlj}. Then 
there exists a version u e L 2 (Q; C H .([0, T];L 2 (R d ))) so that u t (io, x) = u t (co, x) (dtxPx dx)-a.s.. 
Moreover, ifu also satisfies 

lim E ess. sup I |w ( |) = 0, (5.6) 

R ->°° \ te[0,T]J\x\>R J 
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then u also belongs to L\Q.\ C w ([0, T];L l (R d ))). 

Proof. Let S> = {cpu ■ ■ ■ , cp n , ■ ■ ■ } c C™(R d ) be a countable and dense subset of L 2 (R d ). For each 
cp e 9, we write the right hand side of (|2.1I) as O ? (0). Then ? i-» O ? (0) is a continuous process 
and for (dt x i 5 )-almost all (t, co) e [0, T]xQ 

® t (cp)(co) = J~ 

Let {r\,r 2 , ■ ■ ■ , r n ) be n rational numbers. Then 

|r,-O f (0i)(w)| < ||M f (w)|| L 2||r / 1 -|| L 2 < ess sup ||^)lblM,-|b- (5.7) 

f€[0,T] 

Let ^ be the collection of all finite many rational numbers Q = {r\, ri, • • • , r n ). By the count- 
ability of 2> and as well as the continuity of the left hand side, there is a common null set N 
such that for all co £ N and all t e [0, T], cp e @, Q e M, inequality (15771) holds true. 

Below, we fix such an co i N. Let X(^) be the linear space spanned by @. By the continuous 
dependence of both sides of (15.71) in Q e M, one can define a linear functional O r on JL{2>) such 
that 

= O f (0)(w), V0 e 9 

and 

|6,(0)(w)| < ess sup || Mf (w)|| L 2||0|| L 2, V0e£(^). 

fe[0,T] 

By Hahn-Banach theorem (cf. Q), there exists a linear functional O f such that 

O,(0)(w) = 6,(0)(w), e £(0) 

and 

|6 f (0)(w)| < ess sup \\u t {co)\y\\ct>\\ L 2, 6 L 2 (R d ). (5.8) 

fe[0T] 

By Riesz theorem, there exists a unique u t e L 2 (R d ) such that 

O f (0)(w) = I and ||w f || L 2 < ess sup 

J fe[0,T] 

Since for any cp e 9, 1 1-» J u t {co)cp = O f (0)(a») = O f (0)(a>) is continuous, by (15.81) . we also have 
for any cp e L 2 (R rf ), 

^ u t (co)cp is continuous. 

The first conclusion is then proven. The second conclusion follows from Lemma 15731 □ 

Below, we give sufficient conditions for (|5.6I) . 

Proposition 5.5. In anyone situation of Propositions \4.6\ \4.7\ and \4.8\ we also assume that 
u e L\Q, T ; L\R d )), f e L\[0, T]xQx R d ) and one of ( KM and < &25\) hold. If 

u e L 2 (a;L oo (0,T;L 2 (R d )))nL 1 (Q-,L oo (0,T;L 1 (R d ))) 

is a generalized solution ofSPDE di.il) . then 0.(51) holds. 

Proof. We only consider the situation of Proposition 14.61 Let A R (x) = A(x/R), where A is a 
non-negative smooth function on R d with A(x) = 1 for \x\ > 2 and A(x) = for \x\ < 1. Let 
Xn( x ) = x( x / n ) be a cutoff function. Following the proof of (II) in Proposition 14.61 we choose 
cP = cf$ = A R -Xnin@M. Then 

eLss. sup f \u,\<A < CE f N^ + CE f f 

\ se[0,t] J / J Jo J 
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+c: 

Notice that 
and 



+CE + Id^b'l) 

J \u\ W'd^l 



Firstly letting « — » oo and then 7? — » oo, as in the proof of Proposition I4.6L we get 
limEless. sup I \u K \ )< lim lim E jess, sup I |w s |0*) = O. 

The proof is complete. □ 

Remark 5.6. Using Lemma UTll and Propositions \5.2\ \5.4\ and UT5\ we can improve IfTTl p. 204, 
Corollary 1] so that u e L Y (Q.; C([0, T]; L l (M, d ))) since all the coefficients therein are bounded 
and u e L 2 (Q; C([0, T] ; L 2 (R d ))). 

6. Application to Nonlinear Filtering 

Let (B t )te[o,T] and (5,), e [o,r] be two independent d and d\ dimensional standard Brownian 
motions on a standard filtered probability space (£2, T", P; C^v)»e[o,r])- Let x, denote the d- 
dimensional unobservable signal and y, the d\ -dimensional observable signal. We assume that 
z t = (x t , y t ) obeys the following Ito SDE: 



yt J \ b t (z t ) J \ cr t (y t ) ) \ B t 

where zo = (x ,yo) is an ^-measurable random variable and the coefficients satisfy the follow- 
ing conditions: 

(HI) The regular conditional distribution of x with respect to the cr-algebra generated by y 
is absolutely continuous with respect to the Lebesgue measure on W 1 and the desity no e 
L 2 (Q;L 2 (R d )). 

(H2) The functions b, &, b, & satisfy the Lipschitz conditions with respect to z with constant 
K. Moreover, & t (x, y) is continuously differentiable with respect to x (not z) and its first 
derivatives with respect to x' satisfy the Lipschitz condition with respect to x (not z) with 
constant K independent of y. 

(H3) <x is non-singular and &, b(0, •), cr, <J~ , b are bounded by K. 

These assumptions will be forced throughout this section. 

Let Tj be the P-complete cr-algebra generated by {y s , s < t}, which represents the observation 
information. We want to get the conditional distribution of x, under T] ', i.e, to calculate 

U t {oj,Y):=P{x t &T\Tj), 

which is called the problem of filtering. 
Let 

a' t J (co,x) := df(x,y t (a)))&f c (x,y t (<o))/2, 
h t (co,x) := d-; l (y t (co))b t (x,y t (to)). 
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We introduce the differential operators J? t ((o, x) and ^ t (a>, x) by 

^ t (oj,x)u := didj(a t J (a>,x)u) — di(b l t (x,y t ((o))u) 
= di(d t J (co, x)djU) - di(b l t ((o, x)u), 

where b\{co, x) := b\(x,y t (oS)) - djd t J (a), x), and 

^ t (a>, x)u := h t (co, x)u. 

Define 



exp | h k s (x s )dB k + X - ^ \h k s {x s )\ 2 ds 



and 

B k :=B k + f h k (x s )ds. 
Jo 

By Girsanov's theorem, under the new probability measure 

P(doj) := p; l (a>)P(da>), 
B, is still a d\ -dimensional standard Brownian motion and independent of B t . Moreover, 

x < \-( Hz t ) \ df + ( d-Ut) \J B t 



y t j \ ) \ a t (y t ) ) \B t J' 
The following lemma is taken from [1JQ p. 228, Lemma 1.4]. 

Lemma 6.1. Let T t be the cr-algebra generated by {B s , s < t}. Then 

r? = r,v r y Q . 

From this lemma, we know that B t is a d\ -dimensional standard Brownian motion on filtered 
probability space {Q,,T ,P;{Tj) t e[oj])- Moreover, it is clear that the coefficients in ££ and M 
are measurable and !F/-adapted. Consider the following SPDE: 

du, = ££ t u t dt + J% k u t dB k t , u = n . 

Under (H1)-(H3), by Theorem 12.61 . there exists a unique non-negative generalized solution in 
the class that 

u e L 2 (Q; C w ([0, T];L 2 (R d ))) n L\£L; C w ([0, T]; L l (R d ))) 

and 



a 



l^'dM 2 ] < +oo. 



We now give a representation for u t . 
Proposition 6.2. For any <p e L°°(R d ) and t e [0, T], we have 

u t <p = B p (<f>(x t )p t \r?), P-a.s.. (6.1) 



Proof. By suitable approximation, we only need to prove (16.11 ) for <p e C^°(R rf ). We sketch the 
proof. As in Section 3, we define 

of>, •) := (o-f{;y t {io))*p e ) Xe , ti e := (h l *p s ) X . 

and 

b[ s (oj, •) := [(bl(-,y t (oj)) A (1/e)) V (-1/e)] * p £ , 
and consider the corresponding approximation equation: 

du E>t = J? t , £ u £ , t dt + Jt k E u Ej dB k , u Efi = n . (6.2) 
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By HH p.203, Theorem 1] (see also 10), the unique solution of equation (16.21) can be repre- 
sented by 

j u £j c/> = E p ((f>(x Ej )p Ej \r t y ), (6.3) 
where x s%t solves the following SDE: 

x E ,t = x + I b s ^(x £ Jds + I d- s , e (x s>s )dB s 
Jo Jo 

and 

p e ,t =1+| Pe, s h k ss (x e , s )dB k s , 
Jo 



i.e., 



p s>t = exp | < e (x s ,,)d5* - 1 ^ |/< e (^)l 2 dsj 



It is now standard to prove that 



sup Ml sup \x E J 2 \ < +oo. 



ee(0,l) \se[0,7"] 

Using this estimate, we can prove that for any 6 > 



£->0 

and 



limPj sup \x Ej - x t \ > 6) = 

K[0J] 



where we have used that 



limP| sup \p E ,t-pt\ > S) = 0, 

re[0,r] 



Pt = exp |^ h s (x s )dB s - X - |// s (*J| 2 ds j . 



On the other hand, as in the proof of Proposition [3J~1 one knows that 

u s>t ^ u, weakly in L 2 ([0, T] x Q x R rf ). 
Now taking weak limits for (16.31) . we obtain 

J u,(p = E p (4>(x t )p t \T t y ), (dt x P) - a.s. 

Since the left hand side is continuous and the right hand side also admits a continuous version 
(cf. IfTTl p. 206, Theorem 3]), representation (16.11) now follows. □ 

Our main result in this section is: 

Theorem 6.3. Under (H1)-(H3), the conditional distribution H t (co, T) has a density n t {a>, ■) e 
C w ([0, T];L l (R d )) with respect to the Lebesgue measure almost surely. It is given by 

U t (U), X) 

n,{o), x) = -p- — . (6.4) 

J u t (io, x)dx 

Moreover, for any <f> € C^R.''), n t {(p) = J (pn t satisfies the following non-linear SPDE: 

n t (<p) = no(<P) + f 7T s (3?;<f>)d S + f - 7r s (h k s )n s (<f>)]dB k s , (6.5) 

Jo Jo 

where dB k t = dB k - n t {h k t )dt and ££* and ^ k * are their respective adjoint operators. 
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Proof. By (16.11 ) and Bayes' formula about the conditional expectations (cf. Q~U p.224, Theorem 
1]), we have 



E {<p{x t )\T t ) = - — =- = Kf Mf0- 



E p (p f |^) 

Formula (|6.4I) follows. 
Observe that 



A = l+ I ^(x s )p,dfl*. 



Jo 

Taking the conditional expectation with respect to fj, we get 



Vi^ y ) = 1+^ 



f 

Jo 



= 1+1 E*(ftfo,)p,|77)dfl* 



= i+ r E i> (^(^)i97)E^( PJ i^7)^, 

Jo 



where the second equality is due to the property of stochastic integrals and the third equality is 
due to the Bayes' formula. 

In view of h k s (x s ) = a-~ l (y s )b s (Xs,ys), by certain approximation, we have 

E p (h k s (x s )\T?) = n s (h k s ). 

Hence, 

E p (p t \m = exp | JT 7T s (^)d£* - i JT |/r,.(^)| 2 d; 

Since f u t = E r '(p t \ ( F?), equation (16.51) now follows by Ito's formula. □ 

Remark 6.4. We can a/so consider the filtering problem in the cases of Theorems 12.31 12.41 and 
12.51 In particular, in the case of Theorem \2.4\ we can even allow some singularity ofb in x. 

7. A Degenerate nonlinear SPDE 

Let a lj be given by 

a l /(a), x) = cr' t l (co, x)&f(co, x) 

and 

J?? t (u))u := di(a' t J ((o, x)dju) + di(b' t (co, x)u), M]{cS)u := erf (oj, x)d[U. 
In this section, we consider the following SPDE 

du t = (Sf t u, + f(u,))dt + (sM t u t + g' t (ut))dB' t , uq(oj, x) = <p(a>, x), (7.1) 

where 

/ : [0, T] x Q x R d x R -» R, g : [0, T] x Q x R rf x R -> / 2 . 

are A1 x S(R J x R)-measurable functions. 
Our main result in this section is: 

Theorem 7.1. Assume that for some a > 1 /2 

|cx?£| 2 > ar|cr?£f 
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and the following conditions hold: for some q > 1 

( 



, did*' 6 L 2 (0, T; L°°(Q x R"; l A )) 



d. i2\ 



l + W 

w\ 

l + W 



,divZ? 6 L'(OJ;r(Qxl d )), 



^'eL 1 (0,r;L 2 (a;LL(R <i ))), 
k cr\ d i0 - f 6 L 2 "(0, r; L°°(£2 x R d ; Z 2 )), 

and/or some K > and y e L 2 ([0, T] x Q x 3R rf ) 

|/,(<u, z) - z')| + \\ 8t (a), x, z) - g t (oj, x, z')\\r- < K\z - z'\, (7.2) 

\f t ((o, x,z)\ + \\g t ((o, x, z)\\p < K\z\ + y t (to, x). (7.3) 
Then for any uq £ L 2 (Q, 'Fo', L 2 (R d )), there exists a unique generalized solution with 

ueL 2 (QC w ([0,T];L 2 (R d ))) (7.4) 

and 



fr' diU, o- l diU 6 L 2 ([0, T] x £1; L 2 (R d ; I 2 )). 



(7.5) 



Proof. (Uniqueness): The uniqueness is a conclusion of the maximum principle. In fact, let u 
and u be two generalized solutions of nonlinear SPDE (17.11 ) with the same initial values and 
satisfy (17.41) and (17.51) . It is easy to see that 

v := u - u 

satisfies the following linear equation: 

dv t = CiffV, + c t v t )dt + (J^'vt + h l t v,)dB l t , v (co, x) = 0, 

where 

c t (a>, x) = J (d z f)(u), x, 8(u - u) + u)dQ 
Jo 

and 

h' t (u), x) = J (d z g t )(a>, x, 9{u - u) + u)d6. 
Jo 

By assumption (17.21) . we know that 

c e L°°([0, r]xflx R d )), h e L°°([0, 1]xflx R rf ; Z 2 )). 

Hence, by Proposition [4781 we have v = 0. The uniqueness then follows. 

(Existence): We use the Picard iteration method and a priori estimate (I3.35I ). Let u®(a>, x) = 
(p(a>, x). Consider the following approximation equation: 

du n t = {££ t u n t + f(u n - { ))dt + (JC\u n t + g l t (u n - l ))dB ! t , u'^co, x) = <p(co, x). (7.6) 

By (12741) and (17731 we have 



e( sup f \u n f) + e( f f (|a- ,7 ^M n | 2 + |(r i7 5, M "| 2 ) 

Ve[0,f] J ' / \ JoJ 

<ceJ ki 2 + ce^J i/^-^P + ce J J Ig'K" 1 )! 2 



< ce J~ ki 2 + c J~ 4d* + ceJJ \ u n ; 
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1,2 



By Gronwall's inequality, we get the following uniform estimates: 



e| sup j |<| 2 J + E i [ j o j (\o- l %u n \ 2 + l^'dju"^ < C, (7.7) 



where C is independent of n. 
Set now 



v n ' m := u" -u m . 



Then, by (12.41) again, we have 

,m—l\\2 



ess 



.sup f ivrf) < ce f [ j\(h: ')-./;(//':' 

S6[0,f] J / Jo J 

+CE Jjl^W-'j-^W- 1 )! 2 . 



<- £J I TO I l,.B— 1|2 



Set 



:= lim E|ess. sup f |v*"f 

s£[0,f] J 



Then by (17.71 ) and Fatou's lemma, we have 

0,<C f O s d5, 

Jo 

which implies that 



r k 

i j 



lim E ess. sup |<T = #r = 0. 

"• m ^°° \ se[0,T] , 

So, there is a w e L 2 (Q; L°°(0, 7/; L 2 (R d ))) such that 

lim E jess, sup I |w" - u s \ 2 1 = 0. 

By passing to the limits for (17.61 ), we obtain that u is a generalized solution. (17.41 ) is due to 
Proposition 15 .41 Estimate (17.51) follows from (17.71) . □ 

Remark 7.2. 7/g t (w,x,0) = 0, /(•, -,0) e L^tO, T] x Q x W>) and u e L Y (Q. x R d ), then the 
unique solution in Theorem \7.1\ also belongs to L l (£l; C H .([0, T]; L l (R d ))). 

8. Appendix: Proof of Lemma I4~2l 
We only prove (14.71) . For R > 0, let B R := {x e R rf : |jc| < i?}. Below, we simply write 

ll/llz/l(0,r;Z/2(n,Z/3(Bs))) =: I l/l In ,r 2 ,n,;R 

and 

= L*(0,r;L*(aw£f(R < *))), 



L Pl (0,r;L^(a^ 3 c (R d ))), 

^(o.rjL^n.i^CR''))). 



t3> 1 
§ 2 
§3 

Notice that 

[p e , b'dj](u) = J (b l (y) - b\x))u(y)dip e (x - y)dy - J divb(y)u(y)p s (x - y)dy. 
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If b and u are smooth in x, then it is easy to see that for every x e R d , 

J (b l (y) - b'{x))u{y)dip £ {x - y)dy ^ divb(x)u(x), 

which implies by the dominated convergence theorem, 

\im\\[p £ ,b'di](u)\\ n ^ n - R = 0. 

£— >() 

(Case: p\,q\,P2,q 2 , Pi,qi < +00). It is enough to show that 

Si x § 2 3 (b,u) i-> \p e ,tfdi](u) e § 3 (8.1) 

is uniformly continuous with respect to s. First of all, by Holder's inequality, we have for any 
R>0, 



J divb(y)u(y)p £ (x - y)dy 
Observing that 

and 



ri,r 2 ,r 3 ;i? 



< 1 1 divZ?| I qi A2 Ai -r+ 1 1 1 u 1 1 p [ iP2 iP3 -R + 1 



(8.2) 



-4' 

Jo 



W'|(y + 0(jc - y))d0 



e|Vp e |(jc) < Cp 2£ (x), 



where C is independent of s, we have 



< c 



J (*''(y) - 



b l (x))u(y)dip s (x - y)dy 



\Vb\(y + 9(x - y))d9p 2£ (x - y)dy 



\Vb\(x-y + ey)de P2£ (y)dy. 



Hence, by Holder's inequality again, 

Ilyellri,r2,r 3 ;fl < C||w|| pi , P2 , P3 ;R+1 1| Vb\\ quq2tq3 #+l, 



which together with (|8T2|) yields (|8TTb . 

(Case: any of pi,qi,p 2 ,q 2 ,P3,qi = +00). Without loss of generality, we assume p x = p 2 = 
p 3 = +00 and qi,q 2 , q-i < +°°- In this case, let u$ := u* p s . It is enough to prove that 

lim sup \[p £ , b'di](u - u s )\ = 0. 

5 "^°ee(0,l) 

Since \\u s \\ l ~ (Br) < \\u\\ l ^ {Br+i) , and for almost all x e W l , 

6->0 

u s (x) — > u(x), 
by the dominated convergence theorem, one can see that 

J di\b(y)(u(y) - u s (y))p £ (x - y)dy 



lim sup 

c5^0 / 



= 0. 



ri,T2,ry,R 



Similarly, 



lim sup 

(5->0 f 



< C lim sup 



<5— »o 



J (b\y) - b\x))(u(y) - u 6 (y))d iPs (x - y)dy 
J \u-us\(x-y)f \Vb\(x-y + ey)d9p 2£ (y)dy 



ri,r 2 ,r 3 ;R 



n,r 2 ,ry,R 



The proof of Lemma l4.2l is thus complete. 
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